Stability of rings 

V. M. Petechial 



Abstract 

The conditions for stability of the elements of linear groups over the 
associative rings with identity and their connection with the stability of 
rings are analyzed in the article. The stability of rings which are com- 
mutative, satisfy the conditions of stability of rank > 2, von Neumann 
regular, integer-algebraic, nearly local rings introduced by the author, is 
examined. The most important classical results of H. Bass, L. Vaserstein, 
S.H. Khlebutin, A. A. Suslin, J.S. Wilson, I.Z.Golubchik, are considered 
from the unified standpoint. 

The study of stability of rings takes root from the well-known commutator 
formula SL (n, R) = [SL (n, R) , SL (n, R)] and Jordan-Dixon's theorem (1870) 
about the simplicity of PSL (n, R) over the field R when n > 3. Later, due to 
the works of Dieudonne in the 50s, it turned out that these statements are valid 
over skew fields as well. 

The problem of the stability of local rings was formulated and solved in 
the 60s by Klingenberg. As it turned out, the generalization of the commu- 
tator formula over local rings with n > 3 are the formulas [C(n, J) , E(n, R)] 
— E (n, I) < GL (n, R) which hold for all ideals / of the ring R; and the general- 
ization of the Jordan-Dixon formula are the inclusions E (n, Iq) C G C C (n, Iq) 
for invariant with respect to E (n, R) subgroups G of the group GL (n, R) and 
their respective ideals Iq of the ring R. 

Associative rings with identity that satisfy the aforementioned generaliza- 
tions shall be called stable. 

The work of H. Bass in 1964 was the fundamental breakthrough in the proof 
of stability of wider classes of rings. Therein, he proved the stability of rings 
that satisfy the condition of stability of rank > 2. For instance, semilocal rings 
that satisfy the rank 1 stability condition are stable as well. 

In 1972-1977 Wilson, I.Z. Golubchik, A. A. Suslin proved that commutative 
rings with identity are stable. The stability of rings that are finitely generated 
over their centers is the generalization of this result. This theorem was obtained 
independently in the works of A. A. Suslin and L. Vaserstein. Moreover, in 1981 
L. Vaserstein has proved the stability of associative rings with identity if their 
localizations over all maximal ideals of the ring's center satisfy the condition of 
stability of rank > 2. In 2001, V.M. Petechuk proved the stability of associative 
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rings with identity should their localizations over all maximal ideals of the ring's 
center be stable. 

In 1986 S.H. Khlebutin and L. Vaserstein, independently proved the stability 
of rings regular in von Neumann sense. In 2001, V.M. Petechuk generalized this 
result to rings that are integer algebraic over arbitrary subrings of own centers. 

In 1995, the principally new approach to establishing the stability of weakly 
Noetherian rings that contain infinite fields in own centers was proposed by 
I.Z. Golubchik. In 1997 he announced about the stability of the block integer- 
algebraic rings. 

Stability of rings is considered in the Chevalley groups as well. Stability 
of commutative rings in the Chevalley groups is proved in [2J [31 HH1 [HI] and 
Lie- type rings in [15] . 

In the current paper, the stability of associative rings with identity is proved 
from a wider than earlier notion of the stability of elements of the general linear 
group. 

The conditions of stability of elements of linear groups over the associative 
rings with identity are considered in the paper as well. The stability of rings 
that satisfy the condition of stability of rank > 2, commutative, regular in von 
Neumann sense, block integer-algebraic and the nearly local rings, introduced 
by the author, follow from these conditions. 

The statements about the stability of some rings are most systematically 
laid out in E]- Remarks in the third paragraph on p. 122 of E] do not 
correspond to reality. 

Stability of rings plays an important role in applications [H [71 [HI [211 (2S1 [23 
132] , particularly in the description of the homomorphisms of linear groups over 
associative rings Q] El [12 Q2E El [2Q] 

Let R be an associative ring with identity, R* - group of invertible elements 
of the ring R, J (R) - Jacobson's radical of the ring R, £R and £R* - centers of 
R and R* respectively. 

Let R n — M n (R) denote the ring of all n x n matrices over R and GL (n,R) = 
i£* - respectively the general linear group of invertible matrices. 

Under ey G M n (R) we shall understand the matrix with identity at the 
place and zeros at the rest. Such matrices we shall call standard identity 

matrices. The element tij (r) = 1 + re^-, where 1 is the identity matrix, i =/= j, 
r £ R shall be called a transvection. Sometimes the identity matrix shall be 
denoted by E. If X is a subset of the ring R then under tij (X) we shall under- 
stand the set {Uj (r) | r 6 X} for fixed i ^ j , 1 < i,j < n, Ex = {tij (X)) - 
subgroup of the group GL (n, R), generated by the set of all tij (X), 
1 < i, j < n. 

In the particular case when X = R we shall also use a notation E(n, R) = 
Er. Non-identity transvections from tij (i?) and tji (R) shall be called opposite. 

Let / be an arbitrary two-sided ideal of the ring R. Define by 

Ai : R -> R /j, A/ : M n (R) -> M n ( R /j^ , A 7 : GL (n, R) -> GL (n, R //j the 

natural homomorphisms of the rings R, M n (i?) and the group GL (n, R). 

Let us define a subgroup Cj = ker Aj that we shall call the main congruence- 
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subgroup of level / in the group GL (n, R). The full preimage of the center of the 

group GL (n, tyjj shall be denoted by C (n, I) = Aj 1 S,GL (n, tyjj and under 

E (n, I) we shall understand the normal closure of the group Ei in E (n, R). It 
is easy to see that 

E(n,I) C Gi CC(n,I) . 

Let N and G be subgroups of the group GL (n, R) that are invariant with 
respect to the group E (n, R) and TV does not contain non-identity transvections. 
Under I we shall understand the largest ideal of ring R such that E (n, 4) C G. 

For elements of an arbitrary group we shall use the notations a b = bab^ 1 , 
[a,b] = aba~ 1 b~ 1 and [ai, . . . , ar] = [[ai, . . . , a;_i] , a/] and the commutator for- 
mulas 

[ab, c] = [b, c] a ■ [a, c], [a, be] — [a, b] ■ [a, c] b , 
and P. Hall's identity 

[a _1 ,&, c] a • [c _1 ,a, b\° ■ [fe _1 ,c, a] b = 1 . 
Further we shall assume that n > 3. 

For two non-opposite transvections tik (x) and ty (y), (l,j) ^ the fol- 

lowing matrix commutator formulas hold: 

where <5^- , Ski are Kronecker's deltas. 

From this formula in particular, it follows that the commutator of two non- 
opposite transvections commutes with each one of them. The following result, 
first obtained by L. Vaserstein, a shorter proof of which we shall present, holds. 



Lemma 1 Let I be an ideal of the ring R with identity. Then 
E{n,I) = {t ij {I) t ^ R) \l<i^j<n). 

Proof. Let T = (t l3 (J)*^ fl ) | 1 < i ^ j < n^. It is clear that 

Ei C T CE(n, I) and t l} (I) tkl(R) C £j when (k, I) ^ (j, i) . 

Therefore, for any transvection r the following inclusion is valid 

EJ C T and, as a consequence, Ej Tl C T, 

where t\ is an arbitrary transvection commuting with r. 

If the transvection r ^ (i?) then the commutators [tji (R) , r] are transvec- 
tions, commuting with transvections r and tj, (i?), and it then follows from the 
matrix commutator formulas that 
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When t G tij (R), by choosing s ^ i,j we have 

(ttj (If^y C ([i is (J), isj C fe a (I)tu (I),t si (R)t sj (R)] T C 

C [J^,^ (R)t 8j (R)} CT. 

Therefore, T T <Z T , E (n, I) <Z T and £ (n, I) = T and so Lemma □ is 
proved. 

Corollary 1 Lei /, J ideals of the ring R with identity. Then 
E(n,IJ) C [-E^-Ej] . In particular, E (n, J 2 ) C £/. 

Indeed, for any two pairwise distinct numbers 1 < s < n the following 
inclusions hold 

Uj (IJ) t] ' {R) C [i is (J),t sj (J)]*- w C [t ja (I)t ls (I),t si (J)t sj (J)] C [E r ,Ej] . 

In view of Lemma[U E (n, IJ) = (t^ (Ijf 3 * {R) \l<i^j<n,\c [Ei, Ej] . 

By taking I = J, we have E (n, J 2 ) C Ej. 

The description of the normal structure of linear groups over some rings, 
as usual, consists of two components. From one side, it is proved that for the 
group G, which is normalized by the group E(n,R), there exists an ideal / of 
the ring R such that 

E(n,I) CGCC(n,/), 

and from the other, the validity of identity 

[C (n, I) , E (n, R)] = E (n, 7) < GL (n, R) 

for an arbitrary ideal / of the ring R is proved. It should be noted that both 
components of the normal structure of linear groups are not always valid at 
the same time. Moreover, there exist some rings over which none of them is 
valid. However, the class of rings for which both components of the description 
of the normal structure of linear groups are valid is quite wide. In particular, 
it contains commutative rings, rings finitely generated over their centers, and 
others. The search for conditions for rings, that would be both necessary and 
sufficient for the aforementioned components of the normal structure of linear 
groups, is continuing on. The present article represents one such attempt. 

Definition 1 The associative ring R with identity is called commutator if for all 
ideals I of the ring R the following identity holds [C (n, I) , E (n, R)} — E (n, I) 
and E [n, I) - normal subgroup of GL (n, R). 

Definition 2 The associative ring R with identity is called weakly-commutator 
if there exists a positive integer k such that 



C(n,I),E(n, R),...,E{n,R) 

S v ' 

k times 



E (n, I) < GL (n, R) 
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simultaneously for all ideals I of the ring R. The number k is called the length 
of the weakly- commutator ring R. 

It is not hard to notice that in an arbitrary associative ring R with identity 
one has the inclusion E (n, J) C [G (n, I) , E (n, R)], where lis an arbitrary ideal 
of R. Moreover, the associative ring R with identity is commutator iff 

[C(n,I),E(n,J)}CE(n,I)f]E(n,J) 

for all ideals I and J of the ring R. Obviously, commutator rings are weakly- 
commutator, and in the commutator rings the subgroup E (n, R) is a normal 
subgroup of the group GL (n, R). 

Definition 3 The associative ring R with identity is called normal if for an 
arbitrary subgroup G, invariant with respect to the group E (n, R) , there exists 
an ideal I of the ring R such that E (n, I) C G C C (n, I) . 

Definition 4 The associative ring R with identity is called partially normal if 
an arbitrary subgroup N, invariant with respect to the group E (n, R) and not 
containing non-identity transvections, is contained in £GL (n, R) . 

Obviously the quotient rings of normal rings are partially normal. 

Definition 5 Associative rings that are commutator and normal at the same 
time are called stable. 

It should be highlighted that commutator property, normality and, as a 
consequence, stability of rings are defined in the group GL (n, R) and, therefore, 
depend on n. 

Lemma 2 The weakly- commutator ring R, the quotient rings of which are par- 
tially normal, is stable. 

Proof. Let Jo be the largest ideal of R such that E (n, Iq) Q G. If A/ (G) 
contains transvections, then there exists a nonzero set 

Jo = {r £ R |A 7o (Uj (r)) G A /o (G) for somei ^ j} . 

It is easy to see that Jo is an ideal, containing I . Since Ai E (n, J ) C 
Aj (G), we have E(n,J n ) C GG/ . Therefore, for r G Jo there exists g 6 G 
such that Uj (r) g £ G/ C G (n, Jo)- 

Since R is a weakly-commutator ring of length k, then 



C(n,I ),E(n,R),...,E(n, R) 

v ' 

k times 



E{n,I ) C G. 



Therefore, 
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[tij (r) g,E (n,R) , . . . ,E (n, R)] C G and, as a consequence, Uj (r) C G. 

This means that E (n, Jo) C G, which contradicts the definition of ideal Iq- 
Therefore, A/ (G) does not contain non-identity transvections. Since the ring 

R/j Q is partially normal, we have A/ (G) C S,GL (n, ^/i^j > i- e - G C G (n, f ) . 
As a result, 

E{n,I )CGCC(n,I )- 

This proves that f? is a normal ring. 

Let's prove that R is a commutator ring. 

Let g e GL (n, R) , H = E (n, R) 9 and H = H E{n ' R ^ be a normal closure of 
H with respect to E (n, R). Naturally, H C Hq and i?o is an invariant subgroup 
with respect to the group E (n, R) . Since R is a normal ring, then there exists 
an ideal / of the ring R such that 

E (n, I)CH a <ZC (n, I) . 

Taking into account the fact that G (n, /) is a normal subgroup of the group 
GL (n, R) and E (n, R) 9 C H C G (n, /), we have I = R, E (n, J?) C i? and 
[E(n,R),H] C [ff ,/f]. It follows from E (n, R) = [E (n, R) , E(n, R)} that 
if = [if, if] C [if , if]. This proves that 

if = fr B ( n ' fl ) C ( n , R),H]H<Z [H , H] . 

Since the ring R is weakly-commutator of length k, it follows that 



GL (n,R),E(n,R),...,E (n, R) 



k times 



C E(n,R). 



Therefore 



iin C 



Hq, H, . , if 
times . 



c 



GL(n,R),H,...,H 



k times 



C if. 



This means that H ~ H, E (n, R) C if and E (n, i?) s C £ (n, f?) for all 
.g G GL (n, i?). Thus, we have proved that £ (n, i?) is a normal subgroup of the 
group GL (n, f?). By taking into account the fact that R is a weakly-commutator 
ring of length k, i.e. 



E(n,I) 



C(n,I),E(n,R),...,E(n,R) 



k times 



we obtain, as a consequence, that E (n, i) is a normal subgroup of the group 
GL (n, R) for all ideals I of the ring R. 
If fc > 2, we denote 



G 



Ci = 



C (n,I) ,E (n,R) ,. . . ,E (n,R) 



k — 2 times 



Then [Ci,E (n, R) , E (n, R)] = E (n, I) and [E (n, R),C U E (n, R)} = E (n, I) . 
From P. Hall's commutator identity, by taking account that E (n, I) is a normal 
subgroup of the group GL (n, R), we receive [E (n, R) , E (n, R) , Ci] C E (n, I). 
This means that 



Therefore, 



[C x ,£?(n,iJ)] CE(n,I). 



C(n,I),E(n,R),...,E(n,R) 



k—1 times 



E (n, I) . 



Proceeding analogously we obtain [C (n, I) , E (n, R)] = E(n,I). So we 
proved that R is a commutator ring and, as a consequence, R is a stable ring. 
From the proof of Lemma [2] we receive 

Corollary 2 Weakly- commutator normal rings are stable. 

It should be noted that in a commutator ring R for a subgroup L of the 
group GL (n, R) , that for some ideal Iq of the ring R satisfies the condition 
E (n, Iq) C L C C (n, Iq), one has the following inclusions 

E (n, Jo) C [L, E (n, R)} C [C (n, / ) , B (n, i?)] = E (n, J ) . 

Therefore, [£, £ (n, i?)] = £ (n, 7 ) ^ This means that L is E (n, i?) - 
normal subgroup of the group GL (n, -R) and ideal io is uniquely defined by the 
subgroup L. 

Let iV denote an E (n, i?)-invariant subgroup of the group GL (n, R) , which 
does not contain non-identity transvections. 

If I is a two-sided ideal of the ring R then the annihilator 

AnnI = {r G R\rl = Ir = } 

of ideal I in i? is a two-sided ideal as well. 



Lemma 3 Let R be an associative ring with identity, g — (gtj) G N and there 
exists x £ R such that gijX — for some fixed 1 < i,j < n. TTien 
g € C (n, AnnRxR) if i ^ j and x — otherwise. 

Proof. It is not hard to see that in the case k ^ j the «th row of the matrix 
gi = [g,tjk (x)] G N coincides with the ith row of the matrix tjk (—x). 

Suppose that i ^ j. Then the ith row of the matrix tjk {—x) and the identity 
matrix coincide. If gi ^ 1, then N contains transvections of the type [gi,tu (R)] 
for all I i , 1 < / < n. Since N does not contain non-identity transvections, 
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we have g\ = 1 for all k ^ j. It follows from the identity [g,tjk (x)] = 1 that 
xgks — for all s ^ k, g s jx = for all s ^ j and xgkk = gjjX. 

Following analogously we prove that g~ x commutes with all matrices t m k (x), 
where m ^ k, x G R. Consequently, g commutes with all the transvections from 
the group E x . This is equivalent to the condition that gx — xg is a scalar matrix 
(however, not necessarily central). 

Since gijxR = 0, we have that gxr = xrg is a scalar matrix for all r G R. 
Taking into account i ^ j we have xRgij — and, consequently, RxRgij = 0. 
As above we prove that r 1 xrg — gr'xr is a scalar matrix for all r, r' G R. This 
means that elements from RxR annihilate from the left and right the elements 
9pqi 9pp ~ 9pq °f matrix g for all 1 < p ^ q < n. Hence, it is proved that 
g G C (n, AnnRxR) . 

In particular, when g has a zero non-diagonal element which, obviously, is 
annihilated by all the elements of the ring R, we obtain g G C (n, AnnR) = 
(GL (n,R). 

Since g\ = [g, tjk (x)] £ N and g\ has a zero non-diagonal element(as n > 3), 
we have [g, tjk (x)} e £GL (n, R) . 

Let us consider the case when i — j. As [g, tn~ (x)] e ^GL (n, R) and the ith 
row of matrix gxe^g -1 is all zero, then for some element r G i?*, the ith 
row of matrix rtik (x) — E = (r — 1) E + raie^ is all zero as well. Therefore, 
r = 1 and .t = 0. 

Remark 1 Following analogously, the arguments in Lemma [21 remain valid 
when instead of the equality gijX — one considers the equality xgij = . 

It follows from Lemma [3] that the diagonal elements of matrices of the group 
N do not have left or right zero dividers. In particular, the diagonal elements 
of the matrices g G N cannot be equal to zero. 

Corollary 3 If g € N and for some x G R the commutator [g, tij (x)] has a 
zero element, then g G C (n, AnnRxR). 

Proof. Since N is an E (n, i?)-invariant group, then [g, tij (x)] G N and, 
according to Lemma 3, the inclusion [g,tij (x)] G £GL (n, R) holds. Therefore, 
there exists r G £Rf)R* such that gUj (x) g^ 1 = rtij (x). This means that 
gxeij — {rtij (x) — E) g = (r — 1) g + rxe^g. In such a case (r — 1) gu — where 
/ ^ i,j. Since the diagonal elements of matrix g do not have zero divisors, then 
r = 1 and gxeij = xe^g. Thus, g S iX = for all s ^ i. According to Lemma [31 
the inclusion g G C (n, AnnRxR) holds. 

Lemma 4 Let g G N and x± , . . . , x n G R such that gnxi H h gi n x n = and 

at least one of the elements Xi is equal to zero. Then 

g G C(n,Ann (Rx 1 R + . . . + Rx n R)) . 

Proof. Suppose that Xj = for some 1 < j < n. Then the ith row of 
the commutator g\ = [g,t%j (x%) ■ • - t n j (x n )] G N coincides with the ith row 
of the matrix tij {—Xi). Since it contains zero non-diagonal elements, then, 
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according to Lemma 3, the commutator g\ £ (,GL (n,R). Recalling that there 
is an identity on the (i, z)th place in matrix tij (— Xj), we have g\ — 1. Therefore, 
for an arbitrary 1 < I < n there exists 1 < s / H n such that xig s k = 0. 
According to Lemma 3, g £ C (n, AnnRxiR) for all 1 < I < n. In this case, 
the elements g pq and g pp — g qq , where 1 < p ^ q < n are annihilated from left 
and right by elements of the ideals RxiR for all 1 < I < n and, therefore, by 
elements of the sum Rx\R + • • • + Rx n R. This proves the inclusion 
jeC (n, Ann (RxiR H h Rx n R)) . 

Remark 2 Analogously, if g £ N and X\, . . . ,x n £ R such that 

Xigij + . . . + x n g n j = and at least one of the elements Xj is zero, then 

g e C (n, Ann (RxiR H h Rx n R)) . 

Corollary 4 If g £ N and at least one, not necessarily diagonal, element of 
the matrix g has a left or right inverse, then g £ £GL (n,R). 

Proof. Suppose that g~- 1 is a left inverse of . For k ^ i put 
Xi = —gkjgij 1 , Xk. — 1 and x s = for all s ^ i,k. Then xigij + . . . + x n g n j = 
and RxiR+ ■ ■ - + Rx n R — R. According to Remark[2]of LemmaSl the inclusion 
g £ £,GL (n, R) is valid. 

Lemma 5 Let g = g±g2 £ N be such that (gi) fei = Ski and (32)^ = $kj f or a H 
1 < k < n and fixed 1 < i,j < n. Then g £ £GL (n, R). 

Proof. The condition of Lemma [S] means that the «th column of the matrix 
gi — 1 and the jth column of matrix gi — 1 are zero. If i = j, then the ith column 
of matrix g coincides with the ith column of the identity matrix. Therefore, g 
has an invertible element and, in correspondence with Corollary [4] of Lemma [4j 
getGL(n,R). 

Suppose that i =/= j. Without loss of generality, up to the similarity by a 
matrix from the group E (n, R), we can assume that i = 1 and j = n. Then 

/ 1 x \ ( B 
9 ={0 A ){y 1 

where A, B £ GL (n — X,R) and x, y - rows of length n-1. Let 

*-(; - x ry={- v \).»-** 

where E is an identity (n — 1) x (n — 1) matrix. Then 













.90 = 


v 


s 








Since X £ E (n, R) and Y commutes with t n \ (1), then X [g, t n \ (1)] X 1 £ N 
and [go,t n i (1)] £ N[X, t n \ (1)]. On the other hand, the first row of matrices 



1 
A 



)[(o [(J ^• t »'< i » 
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and, as a consequence, of matrix [go,t n i (1)] coincides with the hrst row of the 
identity matrix. Hence, 

[ffO,fnl(l),*nl(l),*nl(l)] = E. 

This means that 

h=[x,t nl (i),t nl (i),t nl (i)} eN. 

Since the second row of matrix h coincides with the second row of the identity 
matrix, then, in accordance with the corollary [4] of Lemma 21 h = E. 

Let —xA^ 1 = (x2, ■ • ■ , x n ). Direct computation shows that from the equality 
h = E one has x% = 0. Thus, [t nl (1) , X] n = 1 - x n G R*. 

As a corollary we obtain that element of the matrix [go, t n \ (1)] • [t n i (1) , X] , 
which is at the position (1, 1) , coincides with 1— x n and, therefore, is invertible. 

Taking into account the fact that Y commutes with t n i (1) , from the com- 
mutator formulas one has an equality 

[</,*„! (1)] = [X-WmW] = [go,t„i(l)} x " [X-\t nl (l)]. 
Hence, its obvious corollary has place 

[<M„l(l)] X = [ 50 ,*nl(l)] [tnl(l),X]. 

Since g G N, then [g, t n \ (1)} X G N and, according to the Corollary |4] of Lemma 
IH [g, t n i £ (n, i?) and, as a consequence, [5, t„i (1)] £ £GL (n, R) and 

.'/ - if//..: ».//:.. 

We shall need some statements valid for arbitrary rings. The following has 
place 

Lemma 6 Let a, b, c be some elements of the associative ring R with identity. 
Element 1 + ab G R* if and only if 1 + ba 6 R* . In particular, if a 2 = b 2 = 
and 1 + ab G i?* £/ien one /las a decomposition 

1 + a6 = (1 + 6 (1 - 7)) [1 - 6, 1 + a] (1 + (1 - 7) a) (1 + 60), 

where 7 = (1 + a&) 1 . 

Proof. The first half of Lemma |5] follows from the fact that the equality 
(1 + ab)c = 1 draws the equality (1 + ba) (1 — bca) = 1. 

If a 2 = 6 2 = and 1 + a& G i?*, then 1 + a, 1 — 6 - invertible elements 
and 7 (1 + ab) = (1 + ab) 7 = 1, where 7 = (1 + ab) 1 . Thus, 700 + 7 — 1 = 
067 + 7 — 1 = 0. 

As a corollary we obtain 
6706a + 67a — ba — &7 2 a — 67a + 67067a = 6706 + 67 — 6 = 067a + 7a — a = 
and also a (1 — 7) = (1 — 7) 6 = and 07a = 676 = 0. 

In this case 

(1 — a) (1 + (1 — 7) a) = 1 — 7a — a (1 — 7) a = 1 — 7a and 
(1 + 6 (1 - 7)) (1 - 6) = 1 - 67 - 6 (1 - 7) 6 = 1 - 67. 
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By direct calculations we establish that 



(1 - 67) (1 + a) (1 + 6) (1 - 7a) = (1 + a - 67 - 67a) (1 + 6 - -fa - bja) = 

= 1 + ab — try a 

and 1 + ab = (1 + ab — 67a) (1 + ba). This means that the following equality 
holds 

1 + ab = (1 - 67) (1 + a) (1 + 6) (1 - 7a) (1 + ba) , 

from which the formula of Lemma [B] follows. 

If in Lemma IH1 one puts a = xeik and b = —yeij, where x,y G -R, then 
in the case i =^ k and Z 7^ j, the equalities a 2 = b 2 = and a6 = —Skixyeij, 
ba = —Sijyxeik are valid. 

If i 7^ j, then 6a = and 7 = (1 + ab) 1 = 1 — ab. Thus, 
1 + 6 (1 — 7) = 1 + (1 — 7) a = 1. Taking into account that 1+a = Uk (x), 1 — 6 = 
tij (y), l + ab = Uj (Skixy) we receive a formula Uj (S k ixy) = [*y (y) , i lfe (x)] 
from which one obtains well-known commutator formulas 

*ij = (y)] and kk (Sijyx) = [tij(y),t lk (x)} . 

Let g G GL(n,R) and J7 = #e,j, V = ey<7 _1 , r, r G i?. Obviously, Vf7 = 
Sijeu. Further we shall assume that i ^ j. Hence, VU = 0. 

Let x\, . . . ,x n be some elements of R and Vq = x\en + • • • + x n e,- n , 
a = xxgii + ■ ■ ■ + x n g n i. Suppose that xi — for some 1 < I < n and x% — r gjk 
for some 1 < k < n. Put W = rV — Vq. Obviously, VoU = aeu = —WU and 
W ik = 0. 

Under these notations, 

Uj (ror) 9 = 1 + geur^re^g^ 1 = 1 + C/r rU. 
It is esay to check that 

Uj M 9 (1 - Ur W) = (1 + £/r rV) (1 - Ur W) = 

= 1 + Ur (rV - W) = 1 + Ur V . 

Suppose that 1 + Ur V G GL (n, R). Then 1 - Ur W G GL (n, R) and 

Uj M 9 = (1 + [7r y ) (1 - UroW)' 1 

and, in particular, Uj (r) 9 = (1 + C/V ) (1 - UW)~ l . 

The representation of the matrix Uj (r) 9 thus obtained is useful because the 
ith rows of each of the matrix Vq and W contain at least one zero element. 
In the long run, this will allow to use Lemma [5] and decompose the respective 
commutators into the product of transvections and diagonal elements. 

For g' G GL(n, R) we analogously define U' — g'eu, V — eij(g')^ 1 , 
Vq = x[e a + ... + x' n e in , a' = x' x g' u + ... + x' n g' nl , where x[,...,x' n G R, 
x\ = and x' k = r(g')j k for corresponding 1 < I, k < n and r$,r G R. Let 
W = rV - V£ and 1 + U'r V£ G GL{n, R). Then 
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Ui M 9 ' = (1 + U'r V£) (1 - U'roW')- 1 



One has 

Lemma 7 (main) Let I and J be ideals of R, c G r G R, 1 + VoC 2 U G 
GL (n, fl) , 1 + (Vb - x fe e lfc ) c 2 C/ G GL(n, R), 1 + y 'c 2 C/' G GL (n, i?) , 
1 + (V ' - x' k e tk ) c 2 U' G GL(n, R), h G G 7 , .g' = ff/i" 1 , a; s - a;' s G /, 1 < s < n 
(for s — I, k it is automatically satisfied due to xi = x[ — 0, x k = rg~^ , 



Then 



1) [h, U, (c 2 r)] 9 CE(n,cI)f]E{n,J),ifrE J; 

2) g G G (n, AnnRc 2 rR) , if g G N. 

Proof. Assume that u s — g sil d s = 1 + ac 2 e ss , where 1 < s < n. Since 
VqU = aea and by the condition 1 + OLC 2 ea = 1 + Vc,c 2 U G GL(n,R), then 
1 + ac 2 e R* and 



<i s = diag 



' 1 + ac2 ' 
s-th place 



,1 G GL (n, R) 



In particular, rfj = 1 + V c 2 U. 

Analogously one can define u' s — g' si , d' s = 1 + a'c 2 e ss , 1 + a'c 2 G i?*, 
G GL (n, i?), = 1 + VqC 2 U'. Let us consider the matrices a — (Ueu — uieu) c 
and b — euVoc. Obviously, 



Ul 



Ul-l 



ui+i 



\ 





and b = \ x\---xi-x xi+\---x r , 




/ 



It is not hard to see that aRa = bRb = euRa = bReu = 0. From the 
definition of matrices a and b it follows that 

a + umic = Ueuc, e a b = V c, e u b = b, be u = 0, bdi = b. 

Moreover, ab is a matrix with zero l-th row and l-th column, ba = ac 2 eu, 
1 + ba = 1 + ac 2 eu = rf; G GL (n, R). 

In accordance with Lemma [6j 1 + ab G GL (n, i?) and 

1 + afc = (1 + 6 (1 - 7)) [1 - 6, 1 + o] (1 + (1 - 7) a) (1 + &a), 
where 7 = (1 + a6) 1 . 
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Obviously, 1 — 7 is a matrix with zero Z-th row and Z-th column and matrices 
l±a , 1±6 , l + diuicb , 1 + (1 — 7) a , 1 + 6 (1 — 7) are products of transvections. 
Consider an equality 

1 + Uc 2 V = 1 + Uce a b = 1 + (a + Uje«c) b = (1 + ab) (1 + u t cb) 

and the equality 

(1 + 6a) (1 + uicb) = di(l + uicb) = (1 + dmcb) d t . 

Let us denote 

Ti(V ) - (1 + 6 (1 - 7)) [1 - 6, 1 + a] (1 + (1 - 7) a) (1 + d m cb) . 
Clearly, 7} (Vb) is a product of transvections contained in the group E c r and 

1 + Uc 2 V = (1 + a6) (1 + uicb) = 

= (1 + 6 (1 - 7)) [1 - 6, 1 + a] (1 + (1 - 7) a) (1 + ba) (1 + u ( c6) = T ; (F ) dj. 

It should be noted that the construction of decomposition of matrices l + Uc 2 Vo 
into a product of transvections and diagonal elements is valid for an arbitrary 
column U = (u% . . . u n ) T and arbitrary row Vq — (x% . . . x n ) for which xi = 
and 1 + VqIJc 2 G R* . Its view is determined by the formula in Lemma [6l 

Thus 1 - Uc 2 W = T k (-W)d k e &L(n, i?). Since 
Uj(rc 2 )3 = (1 + t/c 2 V )(l - C/c 2 ^)" 1 , then 

^(rc 2 )9 = T(g)d l d^ 1 , where T( 5 ) = r,(V )(T fc (-W)- 1 )'''^ 1 . 
By taking into account analogous arguments, we have 

^(rc*) 9 ' =T(g>)d> l {d> k )- 1 , 

where T (g') is exactly the same product of transvections modulo the ideal cl 
asT(g). Therefore, 

[h,Ui (rc 2 )} 9 ' = Uj (rc 2 y tlJ (-rc 2 ) 9 ' = T{g)d l d^d' k (d'^ 1 T (g')' 1 • 
It is not hard to see that in the case x £ R* one has the formula 

fx \_ 

^ .T- 1 ) ~ 

In particular, if / is an ideal of the ring R and x £ 1 + cJ, then the matrix 

/* \( i 1 ) = 

^ a;" 1 y 
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1 x-1 \ ( 1 W 1 \-x 
1 ) { l-x- 1 1 J V 



1 x-1 W 1 

o i H -l i 



is contained in E(2, cl). 

If 1 + a'c e R* and a - a' E I then (1 + ac) (1 + a'c) -1 El + cl. Hence, 

1 + ac \ / 1 + a'c 



(l + ac) 1 J \ (1 + a'c) 1 
(1 + ac) (1 + a'c)" 1 V Ff o r n 

(1 + ac)- 1 (1 + a'c) J Gi? ( 2 ' c/ )- 

This means that did^d^ {d 1 ^ 1 E E (n, c 2 l) . 

Taking into account that for arbitrary transvections t\ and T2 from E c r such 
that Ti = T2 mod _E C /, one has the inclusions 

nE (n, cl) T2 1 C E (n, c/) , 

we obtain 

T( ff )^(n, C /)r(.g') _1 C£(n,c7). 
Thus, it is proved that 

[h, tij (rc 2 )] 9 ' C T (.g) E (n, cl) T (g')' 1 C E („, c 7) . 
Let J be an ideal of R, r E J. Then Vq + W = rV is a matrix over J and Xk E J. 



Let us prove that Uj (r) 9 E E (n, J). 
As above. 



Uj (rc 2 ) 9 = (1 + Uc 2 V ) (1 - Uc 2 W) 1 =T{g) d t d^ 

is a product of transvections and diagonal elements, which, as is known, nor- 
malize the group E(n,T). 

Consider Vq = V — x k e ik . Since xi = 0, then 
( v o)ti = i v o)u - (x k e lk ) u = Xi- S k ix k = 0. It is clear that (V *) lk = W ik = 
and Vq + W is also a matrix over J. 
It is given that 1 + VqC 2 U E GL (n, R) . 

Note that in the case 1 + J C R* it automatically follows from the equality 
V Q U = V Q *U + x k e n U and inclusion 1 + V Q c 2 U E GL(n, R) that 1 + V Q *c 2 U E 
GL (n,R). 

As was shown above, matrices 1 + Uc 2 V and 1 + Uc 2 V„ , 1 + Uc 2 V„ and 
1 — Uc 2 W can be expanded into respectively identical constructions of products 
of transvections and diagonal elements. By taking into account the fact that 
Vo = Vo m °d J and Vq = — W mod J we obtain the congruences 

1 + Uc 2 V = {1 + Uc 2 V^) mod E (n, J) , 
1 + Uc 2 V * = (1 - Uc 2 W) mod E (n, J) . 

Thus, we have proved the following: 
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Uj {re 2 ) 9 e E (n, J), if 1 + V c 2 U G GL (n, R) and 
1 + (V - x k e lk ) c 2 U £ GL(n, R). 

Similarly one can prove that 

Uj (re 2 ) 9 ' G B (n, J), if 1 + V£<?U' G GL (n, R) and 
1 + (VJ - x' fe e lfe ) c 2 J7' G GL(n, R). 

In the end, it is proved that 

[h, Uj [re 2 )} 9 ' = Uj (c 2 r)% (~c 2 r) 9 ' C E (n, J) , if 

1 + V Q c 2 U, 1 + (Vb - z fe e lfe ) c 2 t/, 1 + (Vtf - a^e*) c 2 [/', 1 + Itfc 2 ^ 

are contained in GL (n, i?) . 
This finishes the proof of 1). 

Let's note that if in 1) the element g' normalizes the groups E(n,cl) and 
E (n, J) , then 

[h, Uj (c 2 r)] C E (n, cl) f] E (n, J). 

Let's prove 2). 

Let us introduce the following notations. 

A = 1 + Uc 2 V , B = (1 - [/c 2 VTr\ C* = iy (-c 2 r). 

Under these notations 

[g, Uj (c 2 r)] = Uj (c 2 r)% (~c 2 r) = A (BC) and 
[fy (-c 2 r) ,«?] = Uj (~c 2 r) Uj (c 2 r) 9 = (CA) B. 

Obviously, the Z-th column of matrix Uc 2 Vq and the k-ih column of matrix 
Uc 2 W are all zero. 

Suppose that the equality k = j = I is not satisfied. Then j ^ k or j ^ /. 
If j 7^ fc, then the fc-th column of matrix BC — E is all zero. Hence, the 
commutator [g,Uj (c 2r )] is a product of two matrices A and LG, which satisfy 
the conditions of Lemma [SJ In such a case [g,Uj (c 2r )] G £GL (n, R) and 
g E C (n, AnnRc 2 rR) . 

Similarly, if j ^ I then the commutator [ty(— c 2 r), is a product of two 
matrices G^4 and 5 and the Z-th column of the matrix CA — E is all zero. 
According to LemmaEl [Uj (— c 2 r) , g] G £GL (n, R) and g G C (n, AnnRc 2 rR) . 

Thus, the only case left to consider is k = j = I. Then = Xf. = r (g~) •• 
Since, according to Lemma [3J the diagonal elements of matrix g E N are not 
zero divisors, then 

r = 0, AnnRc 2 rR = AnnO = R, g G GL (n, R)=C (n, R) = C (n, AnnRc 2 rR) . 
In the end 2) is proved. 

Let's note that the inclusions of Lemma [6] look like / (c) = 0, where / is a 
polynomial with coefficients from the ring R n and c G In particular, if the 
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inclusions of Lemma [5] hold for all cG£i? then the elements of £R are the roots 
of polynomial /. 

Let Vq = x\en + ■ ■ ■ + x n e in , where xi = 0, x k — r (g^ 1 ) fc , 1 + VqU G 
GL(n,R), U — gen, g G GL(n,R). Elements of the type Vq are not well 
defined by matrix g. They form a whole class of matrices and elements r G i? 
act in them as left coefficients of e^fc. 

Denote by i? (g) the additive subgroup of the ring R, generated by all ele- 
ments r G R, which appear as left coefficients of the summands (g^ 1 ) , &%h of 
matrices Vq = xien + ■ ■ ■ + x n ei n , where 

xi=0,x k =r (g- 1 )^ 1 + VqU G GL (n, JZ) , 1 + (V& - x fc e. ifc )C/ G GL(n, R) for 
some fixed matrix g G GL (n, i?) and all possible matrices Vq and 1 < k, I < n. 

Definition 6 For fixed I < i ^ j < n, the element g G GL (n, R) is called 
(R,i,j)-stable if R(g) = R. 

In particular, if among Vq = x\en + • • • + x n ei n there are some that 
xi = 0, x k = r (g- 1 )^ , V U £ J (R) e ll , x k g kl G J(R), then RVqU G J (R) e u , 
1 + RVqU C 1 + J (R) e u C GL (n, i?) , 1 + fl(F - x k e lk )U G GL(n, R) and, 
henceforth, i? (g) contains the left ideal i?r. If at the same time r G R* , then 
R(g) = R and <? is a (i?, i, j)-stable element. 

Therefore, the matrix g G GL (n, R), for which the inclusion 

{g-^^gkieJiR) 

holds, is (R, i, j)-stable. In order to show this, it is enough to choose Vq G 
R (g" 1 ) j k ei k and use the inclusion 1 + VqU C GL (n, i?) . 

Definition 7 Element g G GL (n, i?) which is (R, i, j)-stable for all 
1 < i 7^ J < ^ swc/i i/iai L (n, i?) = (tij (R)) is called R-stable. 

The example of -R-stable element is the matrix g with </y = cfyi = for 
all 1 < i ^ 7 < n, where j is fixed. As in this case g is (R, i, j)-stable and 
(i?, j, i)-stable element. 

Since E (n, i?) = (t„ (i?) , ijj (i?) | 1 < i ^ j < n, j — fixed), then g is in- 
stable element. 

It is not hard to see that (i?, i, j)- stability and, as a consequence, iZ-stability 
of matrices is preserved when factoring the ring R. 

Let I be an arbitrary ideal of the ring R, and N is a subgroup of GL (n, i?) 
invariant with respect to E (n, i?), which does not contain non- identity transvec- 
tions. 

Definition 8 Element g G GL (n, R), for which from g £ Ci it follows that 
[g, E (n, J)] C E (n, I)f)E {n, J) > an d f rom 5 G follows that g G £GL (n, i?) 
is called stable. 

As shall be shown below, for instance, elements of the group G (n, J (R)) are 
stable. 
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Definition 9 We shall say that the class of invertible matrices L gi which con- 
tains an identity, up to transvections, approximates the element g G GL(n,R), 

f or 9 G Cj there exists an element gi G L g such that 
gi G E (n, I) g E ( n > R )E (n, I) , and for g G N there exists an element g^ G L g 
such that gN G [g,tij (R*)] E ^ n ' R ^ for some 1 < i ^= j ' < n. 

Lemma 8 From the stability of elements L g one has the stability of element g. 

Proof. If g E Ci, then there exists a stable element 
gi G E(n,I)g E{ - n ' FC >E(n,I) C Cj. From stability of element gi it follows that 
the following inclusions hold 

\gi, E (n, J)] CE(n,I)f]E (n, J) and [g, E (n, J)] C B (n, I) f| £ (n, J) 

for all ideals /, J of the ring R. 

Similarly, if g G N, then there exists a stable element g^ such that 
<?iv € [g, tij (R*)] E ^ n ' RS> C AT. From stability of element gN it follows that 
gN £ £GL(n,R). Hence, there exists an element r G R* such that [g,tij (r)] G 
£GL (n, R). According to Corollary [3] we have 

geC (n, AnnRrR) = C (n, Anni?) = £GL (n, i?) . 

Theorem 1 Let R be an associative ring with identity. Elements of the group 
GL (n, R) , which, up to transvections, are approximated by the class of R- stable 
matrices, are stable. If, up to transvections, all elements of the group GL (n, R) 
are approximated by classes of R-stable matrices, then R is a stable ring. 

Proof. According to Lemma [8] it is sufficient to prove that instable elements 
are in fact stable. 

Let g G GL (n, R) be an i?-stable element. Then g is a (R, i, j)-stable clement 
for all pairs 1 < i ^ j < n such that E (n, R) = (tij (R)). Let's fix one such pair 
1 < i 7^ j < n - Then the additive group 

R (g) = (r\\l+V U G GL (n, R) ,1 + (V - x k e lk )U G GL(n, R), 
Vo=xiea-\ h x n e in , Xl =Q,x k =r (p -1 ) = R- 

According to this, 1 + a G R* and 1 + a — x k g k i G R*. 

Let /, J be ideals of R, g G Cj, r G J, U = gen, V — eijg^ 1 , aeu — VqU. 
Obviously Xi — a G I. We shall use Lemma [7] 

In the case when the equality I = k = j fails, we put c = 1 , g = 1, 
x\ = (1 — 5ik) (1 — Su) a, where x' k = rSjk, x' s — x s for all 1 < s ^ i, k < n. 

Then x\ = 0. This is obvious if I ^ i, k or I = i. If I = k, then 
x| = x' k = rSji = when I = k ^ j. Moreover, x' t — x t G / for all 1 < t ^ i < n, 
x\ — Xi = a — Xi — Sua G I. Since U' — en, we have 

VJU' = x'iBu, (VJ - x' k e ik )U' = VtfJ' - r5 jk e ik e u = VjU' - r5 jk S ik e u = VtfJ', 

and 1 + (Vq - x' k e ik )U' = 1 + VqU' = 1 + x-e^ G R* , as x- = or x\ = a. 
In view of Lemma 7, 
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[9, kj (r)] CE(n,I)f)E (n, J) 

and, as a consequence, 

[g,U 3 (R(g))]CE(n,I)f]E(n,J). 

If I = k = j, then = xi = = r (g _1 )^. fc = r (g -1 )^. and, as a conse- 
quence, r S I. It is not hard to see that Vb = rV' satisfies all conditions, dehncd 
by the additive group R(g). Recall, that in Lemma [B] 

a = Ueu - Uie u , b = euVo = re u V . 

Taking into account that VU = and aeu = VqU we obtain the equalities 

a = 0, ba = -reuVuieu = r> ,, I '/;( = —r (ff -1 )^- u i£jj = 0. 

Henceforth, 7 = (1 + ab)^ 1 = 1 — ab , (1 — 7) a = b (1 — 7) = 0, di = dk = 1, 

tij (r) 9 = T (, 9 ) = [1 - b, 1 + a] (1 + 

If r € /P| J then the matrices 1 — 6 , 1 + uib are contained in the group 
E(n,I)C\E(n,J). 

Thus, in the case I = k = j, we have the inclusion 

\S,ta(r)] CE(n,I)r\E(n,J). 

as well. 

Therefore, it is proven that in all cases 

[g, Us (Jf]R (.9))] C E (n, I) pi E (n, J). 
The (i?, i, j)-stability of element (; implies 

[ff, tij (J)} CE(n,I)f]E (n, J) and [<?, ^ (i?)] C £ (n, I). 
Hence, the i?-stability of element g implies the inclusion 

[g,E(n,R)]CE(n,I). 
Taking into account the fact that 

E (n, J) = (tij (J) E ^ R) \ and [E (n, I) , E (n, J)] <ZE(n,I)f]E (n, J) 

we obtain the necessary inclusion 

\g,E(n,J)]CE(n,I)f]E(n,J). 

Let A^be a group, invariant with respect to E (n, R), not containing non-identity 
transvections. If g G N , in accordance with Lemma [71 we have 
g G C (n, AnnRrR) for all generators r of the additive group R (g) = R. Hence, 
g G C (n, AnnR) = (,GL (n, R). Thus, it is proved that i?-stability of elements 
of the group GL (n, R) implies their stability. 

If, up to transvections, all elements of the group GL (n, R) are approximated 
by a class of stable matrices, then 
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[C (n, I) ,E(n,R),E (n, J)} CE(n,I)f]E (n, J) and N £ £,GL (n, 

If one puts J = R, then it follows that R is a weakly-commutator ring. More- 
over, R is a partially normal ring. Since instability is preserved when taking 
quotients, then all quotient rings of R are partially normal as well. According 
to Lemma [2 R is a stable ring. 

Theorem [1] implies that commutative rings with identity are stable [251 1321 

Dung. 

Indeed, let R be a commutative ring with identity, g £ GL (n, R). For 
arbitrary 1 < i ^ j < n define 

Vb = (f -1 )^ (gt*e lfc - 5 fcj e lt ) = ff« (ff" 1 )^ &ik - g m (g' 1 ) jk e iu 

where 1 < k =/= t < n. 

Then V U = and Rg tl C R(g). 

By interchanging k and £ we have R (g) — R. This means that all elements 
of the group GL (n, R) are (R, i, j)-stable and, as a consequence, instable. Ac- 
cording to Theorem 1, R is a stable ring. 

Theorem 2 Let R be an associative ring with identity, g £ GL (n, R) and at 
least one element of the matrix g belongs to the radical J (R). Then g is a stable 
element. 

Proof. Let g = (gij) £ GL(n,R) and gij £ J (R) . We introduce the 
notation g\ = e\ege2 1 where 

e = tn ((.T 1 )^) ■'■tin ((.9^%,) , a = - (1 +9ij - Cff -1 )*^) -1 , 
ei = tu (ffij-a) ■ • • t ni (g nj a) , 
e 2 = t n (a (l - {g~ 1 )^ gu) ■ ■ ■ t jn (a (l - gin) ■ 

It is not hard to see that 

(gi)u = (9i) sj = for all 1 < / + j < n , 1 < s + i < n . 

Let I be an ideal of R, g £ Cj. 

If i = j then e,ei,e2 are contained in Ei, g\ £ C/ and g\ satisfies the 
condition of instability 

If i 7^ j, then there exists eo = tji (l)Uj (— 1)^ (1) such that eoeiee2 £ 
E(n,I), eagi £ C/ and satisfies the condition of instability. 

Thus, it is proved that g £ Ci and is approximated, up to transvections, by 
instable matrices. Therefore, g satisfies the condition of instability. 

If g £ N then l+g^gij G R* an d, according to Lemma[71 g £ C (n, AnnR) = 
£GL (n,R). Thus, it is proved that g is a stable element. 

In particular the following inclusions hold 

C (n, J (R)) P| C (n,I) , E (n, J) CE(n,I)f]E (n, J) , 
iV P| C (n, J (R)) C £GL (n, R) . 
If we put I = R, then [C (n, J (i?)) , £ (n, J)] C £ (n, J). 
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Lemma 9 Let R be an associative ring with identity, J (R) - radical, tyj fjf\ 
- partially normal ring. Then R is a partially normal ring. 

Proof. Let N be a subgroup of the group GL(n,R), invariant with re- 
spect to E (n, R) and not containing non-identity trans vections. If KjijaN 
contains non- identity transvection Kjtmtij (r), r ^ J (R), then t%j (r) 6 hCj^ 
where h £ N. Thus, h S t%j (r) Cj(^) and at least one element of the ma- 
trix h is contained in J (R). According to Theorem [21 h G £GL (n, R) and 
r G J (R) , contradicting the assumption. Therefore, the group Aj/f^N does 
not contain non-identity transvections. Since j rjfi is a partially normal ring, 

then A J(H )iV G £GL (n, R /j ( R ^J . This means that N C C(n,J(R)). By 

Theorem [IJ TV C £GL (n, R) . Thus, it is proved that R is a partially normal 
ring. 

Lemma 10 Let R be an associative ring with identity, J (R)- radical, tyj(R)- 
normal ring. Then all the quotient rings of the ring R are partially normal 
rings. 

Proof. Let R be some quotient ring of the ring R. Since under the epimor- 
phism of rings, preimages of maximal one-sided ideals are maximal one-sided 
ideals, then J (R) C J (i?) . Hence, the epimorhism of rings R — > R — > *yj 

induces the epimorhism ^yj — > "/j (j^j and, as a consequence, -*yj is 

a quotient ring of the normal ring /j (R\- Since all quotients of normal ring 

are partially normal rings, then *y j is a partially normal ring. In view of 

Lemma [9j i? is a partially normal ring. 
From Theorem [1] one has 

Corollary 5 Let R be an associative ring with identity, J (R) - radical, 
Ij (R) ' a stable ring. Then R is a stable ring. 

Proof. Since "-Jj is a stable ring, then °/j is commutator and 
normal ring. 

From commutatorness of the ring j it follows that for arbitrary ideals 
/ and J of the ring R one has the inclusions 

[C (n, I) , £ (n, J)] C [e (n, /) f| £ (n, J)) Cj n J(B) . 

According to Theorem [5] 

[Ci n , B (n, J)] C £ (n, I) f| E (n, J) . 

Therefore, 



[C (n, 7) ,E(n,J),E (n, J)} C („, 7) f| £ (n, J)) C Jf1 J(R) , £ (n, J) 

CB(n,/)f|B(n,J). 



c 
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In particular, if J = i?, then 

[C (n, I) ,E(n,R),E (n, R)} C E (n, R) . 
This means that R is a weakly-commutator ring. 

Since "-j j ^) is a normal ring, then, in view of Lemma [9J all the quotient 
rings of the ring R are partially normal. 

According to Lemma [3J weakly-commutator rings all quotients of which are 
partially normal, are stable. 

Definition 10 Vector (r*i, . . . ,r„) is called unimodular in R n , if there are ele- 
ments ti, . . . , t n in the ring R such that t\r\ + • • • + t n r n = 1. 

Obviously, in the case n — 1 unimodular vectors are exactly the left invertiblc 
elements of the ring R. 

From the inclusion 1 + J(R) Q R* one has that vectors, unimodular modulo 
the radical J(-R), are in fact unimodular. 

Definition 11 Let n > 2. The associative ring R is said to satisfy the condition 
of stability of rank n — 1, if for an arbitrary unimodular vector (r*i , . . . , r n ) there 
are elements s^,...,a n in R such that the vector (ra + S2^i, ■ ■ ■ ,r n + s n r\) is 
unimodular in RJ 1 . 

It is not hard to see that the direct sum of rings, which satisfy the condition 
of stability of rank n—1, satisfies the condition of stability of rank n — 1 as well. 
Analogously, rings which modulo the radical satisfy the condition of stability of 
rank n — 1 , satisfy the condition of stability of rank n—1. 

It is known [27] , that if R satisfies the condition of stability of rank m — 1 , 
then R satisfies the condition of stability of rank n — 1 for all n > m. 

Let us consider associative rings R with identity such that for an arbitrary 
element e E R there exist elements n, r-z S R* such that r\eri is an idempotent 
of the ring R. 

In particular, matrix rings over skew fields satisfy the aforementioned con- 
dition. Indeed, by means of elementary transformations an arbitrary matrix in 
the ring of matrices over skew field can be brought to the idempotent 
diag (1, . . . , 1, 0, . . . , 0). 

Let us now prove that the considered rings satisfy the condition of stability 
of rank 1. Let (r, e) be a unimodular element. Find an element s 6 R such that 
e + sr E R* ■ At first we consider the case when e is an idempotent of R. 

Let 1 = ar + /3e, where a and j5 are some elements of the ring R, e 2 = e 
is an idempotent of the ring R. Since (1 — e) /3e is a nilpotent element then by 
putting s = (1 — e) a we obtain 

e + sr = e + (1 - e) ar = e + (1 - e) (1 - f3e) = 1 - (1 - e) f3e £ R*. 

If e is an arbitrary element of the ring R such that (r, e) is unimodular and ele- 
ment r\eri is an idempotent of the ring R, where n, r% E R* , then (r\rri, rxer^) 
is unimodular and, according to the argument above, there exists an element 
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Si G R such that r\er2 + S\r\rr2 G R* . By taking s — r 1 Sir% we obtain 
e + sr G i?*. 

In the end, it is proven that the associative rings with identity which modulo 
the radical are the direct sum of rings with the property that their elements, 
multiplied by invertible elements of the ring, can be turned into idempotents, 
satisfy the condition of stability of rank 1. 

Definition 12 Associative ring R with identity is called semilocal if /j (R\ is 
a direct sum of full matrix rings over skew fields. 

Semilocal ring is a classic example of the ring which satisfies the condition 
of stability of rank 1 . 

Associative rings with identity which satisfy the condition of stability of rank 
n — 1 > 1 are stable [5] . 

Indeed, let g G GL (n, R). Vector (gi n >92n> ■ ■ ■ >9nn) is obviously unimodu- 
lar. Therefore, there are elements k%, . . . , k n such that 



is also a unimodular vector. Hence, there are elements s%, . . . , s n in g± n R such 
that 



Then (<?i)i„ = (<?2)in = 0. By Theorem [21 elements g\ and g2 are stable. 
Obviously, e2 G £7 if g G Cj and 32 G N if g G N. Since elements g\ and 32, up 
to trans vections, approximate the matrix g, then, according to Lemma HI g is a 
stable element. Thus, it is proved that R is a stable ring. 

We shall need the useful 

Lemma 11 Let R be an associative ring with identity, I, J - ideals of the ring 
R, N - subgroup of GL (n, R) invariant with respect to E (n, R) and not con- 
taining non-identity transvections, g G GL (n, R) and there exists an element 
e G R such that e 2 — e G J(R), gjk G eR, e G gjkR for some 1 < k,j < n. 
Then [g~ l , t tj ( J)] C E (n, I) f| E (n, J) if g G Ci, 1 < i ^ k,j < n and 
g G £,GL (n, R) if g G N and j = k. 

Proof. Let e = gjkT, g e — tki (rgji) ff -1 , where r G R, 1 < i ^ k, j < n. It 
is not hard to see that g~ x = gtki {—rgji) and 



Therefore, R C Re + R (1 — e) C R (g e ) C R. Hence, R (g e ) = R and g e is an 
( R, i, j')-stable element for all I < i ^ k, j < n. 

If g G Cj, then G /, g e G Cj, [gf e , ^ij(J)] C E(n,L)f]E(n 7 J) and, as a 
consequence, 



(#2n + fc 2 gi„, . . . , g„ n + k n g ln ) 
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[g-\Uj(J)] CE(n,I)r[E(n,J). 

If g € N and j — k, then as was shown in LemmalHl Aj^N does not contain 
non-identity trans vections. In accordance with Lemma [3l diagonal elements of 
matrices Aj^N are zero divisors free. Hence, 1 — e G J(R), e G R* and 
gjj G iT. According to Corollary 0J .9 £ £GL(n,R). 

Let's note that if Lemma ITT1 holds for all 1 < i ^ k, j < n, then Sj] C 
i? (n, J)f|fi (n, J) and, as a consequence, when J = R 

[g-\E(n,R)] CE{n,I)f\E(n,J). 

Thus, 

(n, J)] C £J (n, J) P| -B (ra, J) , if .9 £ Cj and g e £GL (n, R) , if .9 6 iV. 

This means that g is a stable element. 

Definition 13 Associative ring R with identity is called von Neumann regular 
if for an arbitrary element a G R there exists an element a' e R such that 
aa'a = a. 

It turns out [191 130j that von Neumann regular rings are stable. 

Indeed, let R be a von Neumann regular ring and g € GL (n, R) . Let a = g^ 
for arbitrary 1 < k,j • < n. Then there exists an element a' G R such that 
aa'a — a. Let e = aa' . Obviously, ea = a, e 2 = eaa' — e, gjk — a G eR and 
e G gjkR- According to Lemma [HJ 

[g- 1 , Uj ( J)] C E (n, I) f]E (n, J) if g G C/ and 3 G ^GL (n, J?) if .9 G iV, 

where J, J - ideals of the ring R and iV is a subgroup of GL (n, R) invariant with 
respect to E (n, R) and does not contain non-identity trans vections. 

Thus, g is a stable element and, as a consequence, R is a stable ring. 

Let us present an author's 

Definition 14 Associative ring R with identity is called nearly local if for an 
arbitrary a G R there exists an element a' G R such that 
(1 + a' a) (1 - a' + aa') = 0. 

Obviously, local rings with identity and their direct and Cartesian products 
are nearly local rings. 

Theorem 3 Nearly local rings are stable. 

Proof. Let g G GL (n, R), r G R, a — (g^ 1 )^ ga where I < i < n. Define 

.90 = hi (g u r (g" 1 )^ ■■■t ni (g ni r (g" 1 )^, gi = q^Qq 1 , 92 = (g^ 1 ) 90 ■ 
It is not hard to see that 

(ffi)«= (1-r + ar) (<T% = (52),, . 
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Let a' be an element of R, for which (1 + a' a) (1 — a' + aa') = 0. 
Define e = (f — a' + aa') a. Then f — e = (f — a) (1 + a' a). Obviously, 

(1 + a' a) e = 0, (1 - e) (1 - a' + aa') = and (1 - e) e = 0. 

This means that e 2 = e and (f — e) 2 = 1 — e. 

Therefore, ei? = € i? |(1 - e)t = 0} and (1 — e)R = {t e R \et = 0} . 
Hence, f — a' + aa' G eR. Suppose that in the definition of elements <?0j5i 
and <?2 element r = a' . Then 

= = (1 - a' + aa') (g-*).. G eR. 

If a = (.g^ 1 ),^, then 

e= (l-a' + aa')a= (1 - a' + aa') (g^ 1 )^ gu = {gi) u gu = (92) u 9u- 

Thus, Lemma [Til can be applied to elements g\ and <?2- 
In particular, if g G Cj, then go £ Cj, g\ G Cj, 

[flf 1 , B (n, J)] C£(n,J)f|£ (n, J) and [g, £ (n, J)] ^E(n,I)ftE (n, J) , 

where I, J - ideals of i?. 

If g e iV, then g 2 G A and g 2 € £GL (n, R), g € £GL (n, R), where TV is a 
subgroup of GL (n, i?) invariant with respect to E (n, R) and does not contain 
non-identity transvections. 

Thus, it is proved that all elements of the group GL (n, R) are stable. Ac- 
cording to Theorem [TJ R is a stable ring. 

Similarly, one can prove that the associative rings with identity, which are 
algebraic over the field (even Artinian subrings) of own centers [19j . are stable. 

As in this case for an arbitrary clement a G R and an Artinian subring 
K C £R the chain of ideals (a) D (a 2 ) D (a 3 ) D • • • of an Artinian commutative 
ring K [a] is stabilized as well. Hence, there exists a positive integer m and an 
element a' G R, which commutes with a, such that a m = a m+1 a' . Then 

e = a m (a')'" - « m+1 (a') m+1 = ■ ■ ■ = a 2m (a') 2m = e 2 and 
a m = a m+l a > = ... = a 2m = ^ _ 

In this case 1 — r + ar = a m . Suppose r = 1 + a + ■ ■ ■ + a m ~ l . 

If 9i = 9^9o \ 92 = (.g -1 ) 90 , where g = J] ; t u (g H r then 

(9i) u = (92) u = (1 - r + ar) (g-% = a m (fl" 1 ) u C ei?. 
If a = (g' 1 ) u gu, then 

e - a m (a') m = a m+1 (a'f l+1 - « m a ^T +l = a m (g-% gu {a') m+1 C 

C (ffi)«fl=(5a)«it 
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Thus, Lemma [TT] can be applied to the elements gi and <?2- Just as in Theorem 
[3] we obtain g - stable element. 

Let S be a multiplicatively closed subset, with identity, of the center £i? of 
the ring R which does not contain 0, Rs - the classical ring of fractions of the 
ring R by S. 

The natural homomorphism 

A : R — > R Sl defined by the rule A : r — > j 
induces a homomorphism A : GL (n, R) — > GL (n, Rs). 

Lemma 12 Let R be an associative ring with identity, N - a subgroup, invariant 
under E(n, R) and not containing non-identity transvections. Then AN does not 
contain non-identity transvections. 

Proof. If AA^ contains non-identity transvection r, then there exists a 
transvection t G Es such that for some r G R, rS ^ the following inclusion 
holds 

KUj (r) = [r, At] G AN. 

This means that tij{r)h G N for some h G ker A. In such a case there exists 
s G S, such that (ft. — 1) s = and s annihilates some non-diagonal element 
of the matrix (r) h. According to Lemma [31 element s annihilates all non- 
diagonal elements of the matrix (r) h. Thus, tij (r) s — t%j (r) hs is a diagonal 
matrix and rs = 0. The contradiction thus obtained shows that AN does not 
contain non-identity transvections. 

Lemma 13 Let R be an associative ring with identity, I - ideal of R, N - 
a subgroup, invariant with respect to E(n, R) and not containing non-identity 
transvections. If A(g) is a stable element of the group GL (n, Rs), then there 
exists an element s G S such that for an arbitrary e G E [n, R) 

[g, e, E sR ] C E (n, I) if g G Cj and g G C (n, Anns) if g G N. 
Proof. Let g G Cj. Then A (g) C C/ s , 

[A(g),E(n,R s )]CE(n,I s ) 

and there exists an element so G S such that [g,e,Uj (csof)] G E(n,cl) ker A 
for arbitrary e G E (n, R), r G R, c G 1 < i / j < n. 

The inclusion thus obtained holds if the ring R should be interchanged with 
the ring R [x, y], in which the variables x and y commute, x commutes with the 
elements of R, and y - with the elements of Hence, it can be viewed as 
a polynomial in terms of variable x with the coefficients from the ring R n [y], 
which are annihilated by some element s\ G S. 

Let Sij = s si. Then [g,e,Uj (s^y)] G E(n,I[y]). Thus, 

[g, e, (stjR)} C E (n, I) and [g, e, C £ (n, /) , 
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where s = f] Sij for all pairs 1 < i ^ j < n. 

Let g € N. In view of Lemma [121 the group A7V does not contain non- 
identity transvections. Since A (g) is a stable element, then A (g) G £GL (n, Rs). 
Therefore, there exists s G S that annihilates non-diagonal element of matrix g. 
In accordance with Lemma [31 g G G (n, Anns) . 

Corollary 6 Let R be an associative ring with identity, Rs - stable rings for 
all maximal ideals Jo of the subring K C 1 G K , S = K\Jq. Then R is a 
stable ring. 

Proof. Let eo, e be arbitrary elements of the group E(n, R), G - subgroup 
of the group GL(n, R) invariant with respect to E(n, R) and Iq - largest ideal 
of the ring R such that E (n, Iq) C G. Let 

J (I) = {s G K | \g, e , e, E sR ] C E (n, I) if g G C (n, i") } and 

J(G) = {s G if | A (5) G C{n,Annk hi (s)) if g G G } . 

It is understandable that J (/) and J (G) - ideals of the ring K. 

If J (I) ^ X, then there exists a maximal ideal Jo (I) of the ring K such 
that 

J GO C J (I),S = K\J (I). 

Similarly one can define S = K\J (G), if J (G) ^ X, where J (G) C J (G). 

Let g G G (n,I). Since i?s is a commutator ring, then A/ [g, eo] C E (n, Is). 
According to Lemma 1131 there exists an element in S, which is contained in 
J (I). The contradiction thus obtained shows that J (I) = K, 1 G J (J), R - 
weakly-commutator ring. 

Let g e G, R— /j Q - As in Lemma[l2]we prove that A/ (G) does not contain 
non- identity transvections. Since Io P| K G J (G), then S does not contain zero 
element. As a quotient of the normal ring Rs, the ring Rg is partially normal. 

If A : R — > then the group AA/ (G), according to Lemma [T2l does not 
contain non-identity transvections. In view of the partial normality of the ring 
Rg and Lemma [T3] there exists an element in 5, which is contained in J (G) . 
Therefore, J(G) = K, 1 G J(G), A Jo (5) G (GL(n,R), g G G(n,/ ). This 
means that is a normal and, as a consequence, stable ring. 

In the particular case, when Rs - rings which satisfy the condition of stability 
of rank n — 1 > 1 for all maximal ideals J of the subring K C £i? under the 
condition 1 G K , S = K\J the stability of the ring R is proved in [29] . 

Corollary 7 [22] Let R be an associative ring with identity, which is integer- 
algebraic over the subring K G t;R, 1 G K . Then R is a stable ring. 

Proof. Let I be a maximal ideal of the ring K, S = K\I ,r G R. Then 
Ks (r) is a finitely-generated module over K~s- According to Nakayama's Lemma 
J{Ks) Q J{Ks{ r )) and, as a consequence, J (Ks) C J(Rs). Therefore, 
^ s /j (Rs) ' 1S a rul S' algebraic over the field ^ s /j (K s )- ^ n sucn a case : as 
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was mentioned above, the ring ^ s /j (R s ") is stable. In view of Corollary [5j Rs 
is a stable ring and, according to the corollary 6, R is a stable ring. 

As is known [5] not every associative ring with identity is stable. For in- 
stance, algebra over field with 2n 2 generating elements Xij,yij, 1 < n and 
the defining relations 

i x ij) {Vij) = iVij) ( x ij) = 1 

is not a stable ring. 

However, the class of stable rings is quite wide. The most vividly it was 
demonstrated in the work [13] , 

Definition 15 Let R be an associative ring with identity. Ideal F of the ring 
R is called weakly Noetherian (respectively integer- algebraic) if for arbitrary el- 
ements y, z £ F , m > 1 left and right modules 

Rzy m and ^2 m y mz R (respectively ^ £Rzy m and^2^Ry m z ) 

m mm 

are finitely generated as modules over R (over £i? respectively). 

Definition 16 Associative ring R with identity is called weakly Noetherian (re- 
spectively integer- algebraic) if there exists a chain of ideals 

such that the ideals in the rings are weakly Noetherian (integer- 

algebraic respectively) for all 1 < i < q. 

Obviously, the block integer- algebraic rings are weakly Noetherian. 

It is known [3J [2l [10] that PI - rings that are block integer- algebraic. Ob- 
viously, rings that are algebraic over subrings of own centers are block integer- 
algebraic. 

Let g € GL (n, R) and / - maximal integer such that Iig\ n = 0. If I < q + 1, 
then we choose gi € [g,t nl (Ii+i)}, y = (51)11, ~- = (ffi)i„- Then y - 1 and z are 
contained in Ii + i (~}gi n R and /; (y — 1) = 0. 

Therefore, there exists a positive integer 771 such that 

m — 1 m 

* (y " 1)"* - E s p z (y - If 6 h, zy m+1 = £ r p zyP, r p , s p E R. 

p—l p—0 

Let N be a subgroup of GL (n, R), invariant with respect to E (n, R) and not 
containing non-identity transvections. If g G N, then g\ s N and, according 
to Lemma |3l y is not a divisor of zero. According to Lemma [4] from the 
equality ry + r a z = 0, where r - some element of the ring R, it follows that 
r z = r = 0. Similarly one can prove = r z = ■ ■ ■ = r m z = z. Hence, 
[<7i t-ni Q S.GL (n, R) . In view of Lemma[3J /;+i<?i„ = 0. The contradiction 

thus obtained shows that I = q + 1, g\ n = 0, R - partially normal ring. 

Therefore, weakly Noetherian rings are partially normal. Since the prop- 
erty of being weakly Noetherian is preserved under factorization, then all the 
quotients of weakly Noetherian rings are partially normal as well. 
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Let I be an ideal of R, which is contained in some weakly Noetherian ideal 
of the ring R, y - arbitrary element of I. Then zy € I and there exists a positive 
integer m such that 

zy-m+i _ ^ r p zy p , where z, r p £ R , 1 < p < m. 
p 

Let A e Multiply the equality above by A m+1 . Since Xy = Xy - 1 + 1, 
then there exists a polynomial ip (A) such that the following equality holds 

ip (A) z + a (1 - Xy) = , where -0 (0) = 1 . 

Let 5 e C (n, J), 5a = V? ( Xr Y '> c a = (~Ar) 2/ = 1 ~ (0i)«> 
2 = (.gf 1 )^ (ffi)fei j where i, j, k - pairwise distinct numbers, r £ R. 
Then g x = Xgi - A + 1, c\ G Cj, ,g A = i P9 (Ar) c A . 
Since 

(flA)ii = A(sfi)»i - A + 1 = 1 - Ay, (#a)m = A(ffi) fci , 
(ffA 1 )^ = (ff-A)jfc = -A(5i)jfc = Afof 1 )^ and i M (-Xr) jk t pq (Xr) ki = 0, 
then 

(A) (,9a % (.9a),, + A 2 a = 0, a G I. 

In accordance with Lemma 

[ca, ^ (JV« (A))] c B (n, /) £ (n, J) , 

where J is an arbitrary deal of R. 

Following similar "right-sided" arguments and taking into account the ma- 
trix commutator formulas for each pair there exists a polynomial such that 

[ca, Ui [Ji>ij (A) J)] C E (n, I) H E (n, J), where ^ (0) = 1. 
Let / (A) = LJ V'ij (A) for all pairs 1 < i ^ j < n. Then 

[cx,E JfWJ ] CE(n,I)f]E(n,J). 

Define h = Rf (A) R, h = i?/ (1 - A) l\. 
Obviously I\ , li are ideals of the ring R and 

[c\,E h ] CE{n,I) 7 [cx-x,Ei 2 ] QE(n,I). 

Since Ej 2 C E (n, ^2) C £? m, /J) C Ej 1 , then for an arbitrary element 
ee£ (n, i?) the following inclusions hold 

[cl,E h ] C [cA,B(n,/ 2 )] e C£(n,i) and [c A , B 7l ] e C £ (n, if) C E h . 

Taking into account that c\ = c£ 9 ^ X ^ r ci-\ we obtain [c\,Ej 2 ] C E(n,I). 
Let us put Jo =5^/2 for all A G If Jo 7^ -R then, due to the equality 

A 

/ (0) = 1, the image of the polynomial 
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/(A) 2 /(I -A) /(A) 2 



is non-zero over the ring /j , and images of the elements of £i? are its roots. 

If £R contains an infinite field, then Jo = R, [c\,E (n,R)] C E(n,I), R - 
weakly-commutator ring. 

In accordance with Lemma[2j R is a stable ring. Thus, the weakly Noetherian 
rings, which contain infinite fields in own centers, are stable [13] . 

In the particular case, the block integer- algebraic rings are stable without the 
demand of existence of infinite fields in own centers. 

Indeed, if elements of the ideal I of the ring R are integer-algebraic over the 
subring K C 1 e K, r £ I, Iq is a maximal ideal of K, S = K\Iq, then 
K~s (r) is a finitely generated module over Ks- Due to Nakayama's Lemma, 

J (K S ) C J (K s (r)) and J (K s ) C J (/)). 

Since the ring (-0/j /j^ g /j^ is algebraic over the field ^ s /j [Ks) ~ ^/lo> 
the rings Ks (I) and, respectively, K (I) are stable. In such a case the groups 
[Cj, i?_ff] and [Cj, 75 (n, R)] are contained in (n, I). 

Hence, if R is a block integer-algebraic ring then, according to the fact proved 
above, 

[C u+1 ,E(n,R)] ^E{nJ i+l )C h 

for all < i < q. Therefore, R is a weakly-commutator ring with partially 
normal quotients. In view of Lemma [21 R is a stable ring [M l 121 ) . 
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